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EFFECT OF VALID CARDINALITY CONSTRAINTS
IN LOCAL BRANCHING: THE CASE OF THE
KNAPSACK PROBLEM WITH SETUP
S.Boukhari1, I.Dahmani2 and M.Hifi3
A formal representation of KPS’s instance is given as
follows: there are a knapsack capacity C and a set I =
{1,...,m} of m disjoint classes associated with items. Each
element j belongs to a given class j = 1,...,ni (ni denotes
the number of items belonging to the class i, i∈I) and the
j-th item of the i-th class has a nonnegative profit pij and a
weight wij. Furthermore, a nonnegative setup cost fi is
incurred and a non-negative setup capacity si is consumed
in case items of class i are selected in the solution.
Without loss of generality, we assume that all input
parameters have integer values. The goal of the problem
is to maximize the difference between the profits related
to the selected items and that related to the fixed costs
incurred for setting-up classes without violating the
knapsack capacity constraint. The studied problem has
applications in many areas such as production planning
and scheduling (see Chebil and Khemakhem [7]), energy
consumption management and resource allocation (see
Della Croce et al. [9]). The KPS has also an important
theoretical status because of it is a generalization of the
classical knapsack problem.

Abstract— In this paper, we study the effect of the
cardinality constraint when injected into an iterative local
branching-based method, especially when tackling the
knapsack problem with setup. The designed method is based
upon three features: (i) solving a series of mixed linear
relaxations, (ii) inducing valid cardinality constraints
around some decision variables and,(iii) introducing the
local branching strategy for intensifying the search process.
First, the mixed linear relaxation can be viewed as driving
problem, where it is solved by applying a special black-box
solver. Second, the valid cardinality constraints are built
according to some favored variables for tightening both
lower and upper bounds. Third, the local branching is
applied for iteratively intensifying and enhancing the
solutions at hand. The performance of the proposed method
is evaluated on benchmark instances of the literature, where
its achieved results are compared to those reached by the
state-of-the-art Cplex solver and the best methods available
in the literature. Encouraging results have been obtained.

Keywords— Cardinality constraints, Knapsack, Local
Branching, Relaxation.

I. INTRODUCTION
The remainder of the paper is organized as follows: The
related work is exposed in section II. A formal description
of the knapsack problem with setup is presented in
Section III. Section III.A describes the constructive
solution procedure for providing a starting solution.
Section III.B exposes a new process that is introduced for
reaching a series of valid constraints. Section III. C
presents a standard local branching applied for a given
mixed integer programming. Section III.D discusses the
adaptation used for solving the KPS, where the
aforementioned strategies are embedded into an iterative
search for intensifying the search process. Finally, Section
IV exposes the experimentation conducted on two set of
benchmark instances of the literature. The performance of
the proposed method is also evaluated in this section,
where its provided results are compared to those achieved
by the best methods available in the literature and the
state-of-the-art Cplex solver.

HE Knapsack Problem with Setup (KPS) can be
viewed as a more complex variant of the well-known
Knapsack Problem (KP), a NP-hard discrete
optimization problem. An instance of KPS is composed of
a set of items, which is divided into a set of classes. Each
class is characterized by both fixed cost and fixed
capacity while an item can be selected if the class
containing that item is activated. KP family arises in
several situations, like cutting and packing [12][14],
cryptography [15], logistics [19], multimedia [1],
telecommunications and others [18].
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Della et al. [9] designed an exact method which handles
the structure of the formal description of KPS, where the
search process explored the partitioning strategy that is
based on splitting the decision variables into two levels. A
fixation strategy has been applied for reducing the current
subproblem to solve while the blackbox solver is applied
for solving the reduced subproblem. The experimental
part showed that method remains competitive when
compared to Chebil and Khemakhem's [6] dynamic
programming method.

II. BACKGROUND
Guignard [13] tackled the setup knapsack by developing a
Lagrangean decomposition for the setup knapsack
problem, where no restrictions on the non-negativity of
both setup cost of each class and the profit of each item
are considered.
A special case of KPS has been studied by Akinc [2] and
Altay et al. [3], where only the setup cost of each class is
taken into account (called the fixed charge knapsack
problem). In Akinc [2], an exact algorithm has been
designed, which is based upon a classical branch-andbound scheme, while in Altay et al. [3] the authors tackled
the case where items can be fractionated by cross
decomposition.

Pferschy et al. [17] introduced a new dynamic
programming approach which performs better than a
previous
standard
dynamic
programming-based
procedure; that can be considered as a good alternative for
an exact resolution when combined with an ILP solver.
Chebil et al. [8] developed a multilevel matheuristic for
tackling some large-scale problem instances of the
knapsack problem with setup and the multiple knapsack
version of the problem. The principle of the method is
based (i) on reducing the original instance into a special
knapsack instance (each class contains one item) and (ii)
on solving the continuous relaxation of the induced
problem to provide a feasible solution for the original
problem. In order to enhance the quality of the solutions
reached, a tabu list has been incorporated in the iterative
search. The experimental section showed that the
proposed method remains competitive when its results
were compared to those achieved by the state-of-the-art
methods available in the literature.

Michel et al. [16] studied an extended multiple-class
integer knapsack problem with setup. Fin this case, the
weights associated to items are related to the classes and
the total weight is bounded by both lower and upper
weight bounds. Different integer linear programming
models were proposed and an extended branch-and-bound
algorithm, inspired from Horowitz and Sahni’s procedure,
was proposed such that nonnegative setup costs were
favored.
The knapsack problem with setup has been studied by
Chebil and Khemakhem [6] who addressed a dynamic
programming procedure, within pseudo-polynomial time
complexity. A special converting formulation was
considered in order to reduce the size of the storage
capacity, which remains quite expensive when using such
type of approach.

Amiri [4] proposed a Lagrangean relaxation-based
algorithm for solving the knapsack problem with setup.
The method follows the standard adaptation of the
Lagrangean relaxation, where a series of local optimal
solutions are provided by using a descent method. The
performance of the method was evaluated on both the
standard set of benchmark instances and very large-scale
ones (containing till 500 classes and two million of items)
and its achieved results were compared to the best bounds
available in the literature.

Chebil and Khemakhem [7] designed a special truncated
tree-search for approximately solving KPS. The method
uses a special an avoid duplication technic, which mainly
consists in reformulating the original problem into a
particular integer programming. The experimental section
showed the effectiveness of that method, especially the
effect of the avoiding duplication technic in terms of
improving the quality of the achieved solutions.

More recently, Boukhari et al. [5] designed a special local
branching-based method for tackling the knapsack
problem with setup. The method combines both mixed
linear relaxation and local branching. The mixed linear
relaxation was solved by calling a special black-box
solver while the local branching tried to intensify each
solution at hand by adding a series of local-branching
constraints. The performance of that method was
evaluated on benchmark instances of the literature and
new large-scale ones, where its achieved results were

Furini et al. [11] designed linear-time algorithms for
optimally solving the continuous relaxation of different
integer linear programming formulations of the knapsack
with setup. As mentioned in their experimental part, it has
been shown that their algorithms outperform both
dynamic programming-based approach and blackbox
solver.
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compared to those reached by the Cplex solver and the
best methods available in the literature.

where the objective function (1) maximizes the total profit
of the selected items by subtracting the fixed costs
incurred for setting up the selected classes. The constraint
(2) ensures that the weight of selected items in the
knapsack, including all setup capacities related to the
activated classes, does not exceed the knapsack capacity
C. Finally, constraints of type (3) (representing the
precedence constraints) ensure that an item j is selected
only with its activated class j (an item can’t be selected if
its class is closed).

In this paper, we propose a new version of the local
branching-based method, where three key features are
considered:
1. A fixing strategy used for positioning integral values
related to all classes of the problem,
2. A rounding strategy applied to the fractional variables
of a linear relaxation,
3. A bounding strategy used for retrieving some decision
variables that are able to tightening both upper and lower
bounds and,
4. A neighboring strategy used for improving the quality
of the solutions at hand.

A. An Initial Feasible Solution
A starting solution for PKPS can be built by solving a
mixed integer relaxation of the original problem PKPS.
Indeed, let RPKPS denote the problem provided by
relaxing all binary variables related to items and classes,
i.e., setting 𝑥𝑖𝑗 in the continuous interval [0, 1], for j =
1,…, ni, and i I and, 𝑦𝑖 in the continuous interval [0, 1],
for i I. The resulting problem RPKPS can be re-written as
follows:

These strategies are embedded into an iterated process till
satisfying a stopping criterion. The proposed algorithm is
then analyzed computationally on a set of benchmark
instances of the literature, where its provided results are
compared to the best bounds available in the literature.

𝑚

In order to make the paper self-containing, some parts of
the paper Bokhari et al. [5] may be summarized in what
follows.

𝑚

𝑖=1 𝑗=1

1) We proceed by using the rounding strategy that works
as follows:
a) Fix step by step the variables 𝑦𝑖 to their binary
values and,
b) Round up (to one) the decision variables having a
fractional value in PRKPS.
2) Second, one can observe that a single knapsack
problem can be provided by considering the decision
variables𝑥𝑖𝑗 whose classes are activated, i.e., 𝑦𝑖 = 1.
3) An optimal solution of the induced knapsack problem
built in step 2, which allows a feasible starting solution
for PKPS.

𝑖=1
𝑚

Subject to ∑ ∑ 𝑤𝑖𝑗 𝑥𝑖𝑗 + ∑ 𝑠𝑖 𝑦𝑖 ≤ 𝐶 (2)
𝑖=1 𝑗=1

𝑖=1

To build a starting solution, the following three steps are
applied:

𝑚

𝑖=1 𝑗=1

𝑖=1
𝑚

𝑥𝑖𝑗 ∈ [0, 1], 𝑦𝑖 ∈ [0, 1], ∀𝑖 ∈ 𝐼, 𝑗
= 1, … , 𝑛𝑖

Maximize ∑ ∑ 𝑝𝑖𝑗 𝑥𝑖𝑗 − ∑ 𝑓𝑖 𝑦𝑖 (1)
𝑛𝑖

𝑖=1 𝑗=1

𝑥𝑖𝑗 ≤ 𝑦𝑖 , ∀𝑖 ∈ 𝐼, 𝑗 = 1, … , 𝑛𝑖

Let 𝑥𝑖𝑗 be the decision variable setting equal to 1 if item j
of class i is contained in the knapsack, 0 otherwise. Let
𝑦𝑖 denote the setup decision variable setting equal to 1 if
the family i is activated, 0 otherwise. The formal
description of KPS (noted PKPS) is given as follows:

𝑚

𝑛𝑖

Subject to ∑ ∑ 𝑤𝑖𝑗 𝑥𝑖𝑗 + ∑ 𝑠𝑖 𝑦𝑖 ≤ 𝐶

This section starts by describing the formal model related
to KPS. Second, both the starting solution (Section III.A)
and the valid cardinality constraint-based process (Section
III.B) are discussed. Third and last, the local branching
process (Section II.C) is presented; that is used for
providing a hybrid method for KPS.

𝑛𝑖

𝑚

Maximize ∑ ∑ 𝑝𝑖𝑗 𝑥𝑖𝑗 − ∑ 𝑓𝑖 𝑦𝑖

III. A HYBRID LOCAL BRANCHING FOR KPS

𝑚

𝑛𝑖

𝑖=1

𝑥𝑖𝑗 ≤ 𝑦𝑖 , ∀𝑖 ∈ 𝐼, 𝑗 = 1, … , 𝑛𝑖 (3)
𝑥𝑖𝑗 ∈ {0,1}, 𝑦𝑖 ∈ {0,1}, ∀𝑖 ∈ 𝐼, 𝑗
(4)
= 1, … , 𝑛𝑖

The three steps described above are realized by the
following Greedy Constructive Procedure (noted GCP);
10
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that is used for providing an initial solution. GCP works
as follows:

In order to build an approximate solution, we fix all
variables yi whose values are integrals and to one the
variables having a fractional value in the optimal solution
related to RPKPS, as described in Section III.A.

 RPKPS is optimized by using the simplex method. Then,
we collect the current primal solution by setting (𝑋, 𝑌) as
the achieved starting configuration.
 Let 𝑌 ′ be the binary structure provided by fixing 𝑦̅𝑖 to
its current integer value and rounding up all the fractional
variables of 𝑦̅𝑖 to one,
 Let S be the set of indices of the classes fixed to one
such that S= {i I | 𝑦̅=1}.Update
C’=C-∑i Ssi.
𝑖

Let d denote the number of the decision variables yi whose
values are non nul in the resulting knapsack problem.
Thus, the following cardinality constraint remains valid
for the original problem:
𝑚

 Let PKP denote the knapsack problem with capacity
𝐶 ′and the set of element s𝑥𝑖𝑗 , iI. Each element j of class
iS is characterized by its profit𝑝𝑖𝑗 and weight𝑤𝑖𝑗 ,
respectively. Then, PKPmay be described as follows:
(PKP):

𝑖=1

In fact, the constraint (5) is related to the knapsack
problem, where the number of classes fixed in the
solution ate hand must not exceed d.

𝑛𝑖

In this case, let consider RPKPS−V as the model built by
combining PKPS with relaxing all variables 𝑥𝑖𝑗 and the
valid constraints of type (5). Thus, the following steps are
applied:

Maximize ∑ ∑ 𝑝𝑖𝑗 𝑥𝑖𝑗
𝑖∈𝑆 𝑗=1
𝑛𝑖

Subject to ∑ ∑ 𝑤𝑖𝑗 𝑥𝑖𝑗 ≤ 𝐶 ′

1) Fix all variables𝑦𝑖 with integral values in the optimal
solution of RPKPS−V.
2) The optimal solution of KP induces a complete solution
for the original problem.

𝑖∈𝑆 𝑗=1

𝑥𝑖𝑗 ∈ {0,1}, ∀𝑖 ∈ 𝑆, 𝑗 = 1, … , 𝑛𝑖
′
 Let 𝑋 be the optimal solution of the problem PKP. Then,
(𝑋 ′ , 𝑌 ′ ) denotes an initial feasible solution of PKPS.

The following points may mimic the main principle of the
approach:

Algorithm 1 describes the main steps of GCP that is used
for providing (i) a starting solution and used as the core
of the proposed method, as shown in the rest of the paper.

 We optimize the linear relaxation RPKPS by using the
simplex method. Then, we collect the current primal
solution and, let (𝑋̂, 𝑌̂) be the provided solution.

Algorithm 1: A greedy constructive procedure for KPS
1. Solve RPKPS with the simplex method and let (𝑋, 𝑌) be its
optimal solution.
2. Let 𝑌 ′ be the solution extracted from 𝑌 such that
3. if (𝑦𝑖 ∈ {0,1} ) then
4.
Set 𝑦𝑖′ = 𝑦𝑖
5. else
6.
Set 𝑦𝑖′ = 1
7. end if

8.

(5)

∑ 𝑦𝑖 ≤ 𝑑

a) Let d be the value that is associated to the number of 𝑦̂
it non nul values in the knapsack.
b) Let RPKPS−V be the new model obtained by combining
PKPS with relaxing all variables 𝑥𝑖𝑗 and the new additional
constraints (5) such that
𝑚

Set 𝑆 = {𝑖 ∈ 𝐼 | 𝑦𝑖 ′ = 1} and 𝐶 ′ = 𝐶 − ∑𝑖∈𝑆 𝑠𝑖

𝑛𝑖

𝑚

Maximize ∑ ∑ 𝑝𝑖𝑗 𝑥𝑖𝑗 − ∑ 𝑓𝑖 𝑦𝑖

9. Solve PKP to optimality; that is the resulting knapsack
problem with capacity 𝐶 ′ for the set S with its optimal solution
𝑋 ′.
10. Return (𝑋 ′ , 𝑌 ′ ).

𝑖=1 𝑗=1
𝑚 𝑛𝑖

𝑖=1
𝑚

Subject to ∑ ∑ 𝑤𝑖𝑗 𝑥𝑖𝑗 + ∑ 𝑠𝑖 𝑦𝑖 ≤ 𝐶
𝑖=1 𝑗=1

𝑖=1

𝑥𝑖𝑗 ≤ 𝑦𝑖 , ∀𝑖 ∈ 𝐼, 𝑗 = 1, … , 𝑛𝑖

B. Using Valid Cardinality Constraints

𝑚

∑ 𝑦𝑖 ≤ 𝑑

In this section, we propose an improved solution
procedure by introducing a series of valid cardinality
constraints to the original problem PKPS.

𝑖=1
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𝑥𝑖𝑗 ∈ [0,1], 𝑦𝑖 ∈ {0,1}, ∀𝑖 ∈ 𝐼, 𝑗
= 1, … , 𝑛𝑖

scale instances, the LB strategy-based method can be used
as an alternative one at least for improving the quality of
the solutions (using the so-called intensification search).
However, since solution procedures using LB-based
strategy shown an increasing interest of that method, we
propose to adapt “LB’’ for solving KPS, where both
mixed integer relaxation and valid cardinality constraints
are embedded into the local branching process.

 We optimize RPKPS−V by using the limited Cplex
solver. Then, we collect the current primal solution and
let (𝑋, 𝑌) denote the obtained solution.
 Let 𝑆 ′ be the set of indices of classes i fixed to one
such that 𝑆 ′ = {𝑖|𝑦𝑖 = 1} and, 𝐶 ′′ = 𝐶 − ∑𝑖∈𝑆′ 𝑠𝑖 .
 Define P’KP as a knapsack problem with capacities C’’
and the set of elements 𝑥𝑖𝑗 , i S’. Each element j of the ith class, i S’, is characterized by both profit𝑝𝑖𝑗 and
weight 𝑤𝑖𝑗 . Thus, P’KP may be described as follows:

We recall that (see Fischetti and Lodi [10]) the principle
of the standard LB-based method can be summarized as
follows:

𝑛𝑖

1) Let S be a starting solution affected to the first node of
the developed tree.
2) Initialize the first tree using the solution previously
generated.
3) Iterative phase:
i) Completely resolve the local tree.
ii) When the local search terminates, the following two
cases are distinguished:
a) A better feasible solution has been provided for the
local tree structure.
b) Create a new tree using the aforementioned improved
solution like starting solution (called the “reference
solution’’).
c) The solution has not been improved, so abort the local
branch.
4) Solve the rest of the search tree.
5) Return the best solution found.

Maximize ∑ ∑ 𝑝𝑖𝑗 𝑥𝑖𝑗
𝑖∈𝑆′ 𝑗=1
𝑛𝑖

Subject to ∑ ∑ 𝑤𝑖𝑗 𝑥𝑖𝑗 ≤ 𝐶 ′′
𝑖∈𝑆′ 𝑗=1

𝑥𝑖𝑗 ∈ {0,1}, ∀𝑖 ∈ 𝑆 ′ , 𝑗 = 1, … , 𝑛𝑖
 Consider 𝑋 ′′′ as the optimal solution of P’KP. Then, the
complete solution of KPS is represented by the vector
(𝑋 ∗ , 𝑌 ∗ )such that 𝑋 ∗ = 𝑋 ′′′ and 𝑌 ∗ = 𝑌.
Algorithm 2 describes the main steps of the constructive
procedure, where the valid cardinality constraints are
added to the original problem.
Algorithm 2: Adding valid cardinality constraints for KPS
1: Solve RPKPS with the simplex method and let (𝑋̂ , 𝑌̂) be its
optimal solution.
2: Let 𝑌 ′′ be the solution extracted from 𝑌̂, such that
3: if (𝑦̂𝑖 > 0) then
4:
Set 𝑦𝑖′′ = 1
5: else
6:
Set 𝑦𝑖′′ = 0
7: end if
8: Let d be the number of items with 𝑦𝑖′′ = 1 and let (𝑋, 𝑌) be
the optimal solution of the RPKPS-V
9: Set 𝑆 ′ = {𝑖|𝑦𝑖 = 1} and, 𝐶 ′′ = 𝐶 − ∑𝑖∈𝑆′ 𝑠𝑖 .
10: Let P’KP be the knapsack of capacity, 𝐶 ′′ and 𝑋 ′′′ 𝑎𝑠 an
optimal solution.
11: return(𝑋 ∗ , 𝑌 ∗).

D. Adaptation of the Local Branching Process for KPS
In order to adapt LB to the studied problem KPS, we need
a starting solution for initializing the first tree, the
constraints to use for locally branch on non-searched
subspaces and, a state-of-the-art black-box solver for
computing the local optimum for each (sub)tree.
Let Y be a feasible reference solution of PKPS provided by
the constructive method (cf. Section III.A) (resp. Section
III.B, when the valid cardinality constraint is added before
calling the constructive procedure).
Let S1 (resp. S0) be the set related to Y containing
elements fixed to one (resp. zero), i.e., S1={i | iI,
y’i =0} (resp. S0 ={i | iI, y’i=1}). Then, for a given
nonnegative integer parameter k, kOpt defines the
neighborhood N(Y , k) of the solution Y as the set of the
feasible solutions of PKPS satisfying the following
additional local branching constraint:

C. Intensifying the Search Process with Local Branching
The original Local Branching (LB) has been first
introduced by Fischetti and Lodi [10], especially for
efficiently tackling mixed integer formulations of hard
combinatorial optimization problems. The solution related
to such formulations is often done by running a state-ofthe-art black-box solver, like Cplex, Gurobi and Lingo.
Often these solvers are not able to optimally solve large12
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∆(𝑌, 𝑌 ′ ) = ∑(1 − 𝑦𝑖 ) + ∑ 𝑦𝑖 ≤ 𝑘,
𝑖∈𝑆1

set (Set 1), contains 200 small-sized instances, extracted
Chebil et al. [8] and, the second one (Set 2), includes 30
large-scale instances extracted from Boukhari et al. [5].

(6)

𝑖∈𝑆0

where the two terms of left-hand side count the number of
binary variables flipping their value (with respect to the
solution Y) either from 1 to 0 or from 0 to 1, respectively.
Algorithm 3 summarizes the main steps of the generic
local branching.

All tested instances are considered as the strongly
correlated ones, where they are randomly generated by
applying the following generator (described below and
used in Chebil et al. [8]):
- The number of classes varies in the discrete interval
{10; 20; 30}.
- Number of elements n, related to the number of classes,
was fixed to 500, 1000, 2500, 5000 and 10000,
respectively.
- The number of items, ni of each class iI, varies in the
𝑘
𝑘
𝑛
discrete interval [𝑘 − 10 , 𝑘 + 10], where𝑘 = 𝑚 and
integer.
- Both profits and weights were generated as follows; pij
is randomly generated in the discreet interval [10; 100]
and wij = pij+ 10, forming strongly correlated instances.
- The setup cost (resp. capacity) of each class i is a
random value linking the summation
- The setup cost (resp. capacity) of each class i is a
random value linking the summation of the profits (resp.
weights) of the items belonging to the class; that is,
𝑛𝑖
𝑛𝑖
𝑓𝑖 = −𝑒𝑖 × ∑𝑖=1
𝑤𝑖𝑗 (resp.𝑠𝑖 = −𝑒1 × ∑𝑖=1
𝑤𝑖𝑗 ),
where it is drawn from the uniform distribution [0:15,
0:25].
𝑛𝑖
- The knapsack capacity 𝐶 = 0.5 × (∑𝑖∈𝑆 ∑𝑗=1
𝑤𝑖𝑗 ).

Algorithm 3. Local Branching for KPS
1: Solve PKPS by using the simplex method.
Let (𝑋 ′ , 𝑌 ′ ) be the resulting configuration.
Call the constructive procedure (Algo. 1) (resp. Algo. 2) for
building the starting feasible solution, namely = 𝑍 0 .
2: Stop=0;
3: while (Stop=0) do
4: Solve PKPS with the additional local constraint ∆(𝑌, 𝑌 ′ ) ≤ 𝑘
and let (X0, Y0) be the provided solution with value Z0.
5: if (𝑍 0 > 𝑍 ′) then
6: Set 𝑍 ′ = 𝑍 0.
7: Remove all old branches.
8: Add the new local branch ∆(𝑌, 𝑌 ′ ) ≥ 𝑘 + 1.
9: Set 𝑌 ′ = 𝑌 0.
10: else
11: Stop=1;
12: end if
13: end while
14: return Z0.

Herein, as used in Fischetti and Lodi [10], the local
branching constraint is applied as a branching criterion
within an enumerative scheme for PKPS. Indeed, given the
incumbent solution Y’, the solution space associated with
the current branching node can be partitioned by
separately adding the following disjunction:
∆(𝑌, 𝑌
Where

′)

≤𝑘

or

∆(𝑌, 𝑌

′)

≥𝑘+1

The proposed method was coded in C and run on an Intel
Pentium Core (TM) i3-6006U with 2GHz.
A. Sensitivity of the Local Branching Parameter k

(7)

Because both LB-BM and ELB-BM (when adding valid
cardinality constraints) uses the same process of localbranching constraints, we then report only the behavior of
LB-BM by varying the parameter k considered by both
methods. The goal of this analysis is to fix the best value
related to the parameter k. Indeed, Table I reports the
lower bounds provided by LB-BM when varying the
value of the parameter k in the discrete interval {2, 3, 4, 5,
…, 10}. Column 1 of the table refers to the instance’s
information, columns from 2 to 10, under the value
assigned to k, display the average lower bound achieved
ten instances. Finally, the last lines summarize the global
average
bounds
achieved
by
the
method.

k denotes a neighborhood-size parameter.
IV. EXPERIMENTAL PART

The objective of the computational investigation is to
assess the performance of the Extended Local BranchingBased Method (noted ELB-BM) by comparing its
provided bounds (objective values) to the best-known
bounds available in the literature. We also noted the first
adaptation of LB (see Boukhari et al. [5]) by LB-BM.
These methods, and the other available methods in the
literature, are evaluated on two sets of instances: the first
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Table I. Behavior of LB-BM on the Benchmark Instances of the Literature: Variation of the Parameter K

From Table I, one can observe that,

Figure 1 illustrates the variation of both curves related to
LB-BM with k=7 and k=8, respectively. From the figure,
one can observe the quasi-similarity of both curves, which
makes the above choice for both values of k plausible for
this study.

a) The best global averages values, over all tested
instances, is achieved for k = 8 (79200.48).
b) For k = 7, the method achieves very close value (i.e.,
79199.03) to those reached by LB-BM with k = 8.
c) For the other values assigned to k, the overall average
values are of lower quality.
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Fig. 1 Variation of LB-BM’ average values related to both values associated to the parameter k (k=7 and k=8).
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TABLE II. P-Values For Sign Test And Wilcoxonrank Test On All Tested Instances With The Significance level α = 0.05

Ak=7, V5=Ak=7 vs Ak=8, V6=Ak=8 vs Ak=9, V7=Ak=8 vs
Ak=10, V’6 = Ak=7 vs Ak=9 and, V’7= Ak=7 vs Ak=10, where
In order to highlighting the sensitivity analysis of the
parameter k used by both LB-BM and ELB-BM, we
propose a statistic analysis that is based on using the sign
test and the Wilcoxon signed-rank test statistics. It is wellknown that the sign test is based on the number of nonnegative (> 0) and negative (< 0) gaps (related to the
achieved lower bounds – for a maximization problem)
while the Wilcoxon signed-rank test may be considered as
an alternative study to determine whether two dependent
samples were selected from populations having the same
distribution. Herein, we try to answer if an algorithm,
noted A1, realizes better objective values than another
one, noted A2 (because we consider a maximization
problem, we then inverted the sign of the test). Indeed, let
A1 and A2 be the same algorithm using different values
for k and, SolA1 and SolA2 denote their achieved values),
respectively. Then, the following hypothesis is used

V represents the difference between two successive
versions of LB-BM.
From Table II one can observe what follows:
a) For V1 the p-value related to the sign test (resp.
Wilcoxon test) is greatest to the significance level α =
0.05, indicating that LB-BM with k=3 performs better
than LB-BM with k=2 (rejecting the hypothesis H0). The
same phenomenon happens till V5; it means thatLB-BM
with k=8 performs better than the other versions with k≤
7.
b) For V6 the p-value related to the sign test (resp.
Wilcoxon test) is smallest to the significance level α =
0.05, which means that LB-BM with k=8 performs better
than LB-BM with k=9 (retaining the hypothesis H0). For
V7, the p-value related to the sign test is equal to 0.090
while the p-value related to Wilcoxon test is more
significant (0,031); in fact, one can observe that the
number of the best bounds is equal to 7 when compared to
that realized for k=10.

a) the hypothesis H0: SolA1- SolA2 = V to express that
algorithm A1 performs better than A2 (for a maximization
problem) and,
b) the hypothesis Ha: algorithm A2 performs better than
A1 to express the rejection of the hypothesis H0. In this
case, we can also consider that the higher the (average)
lower bound and the greater the number of better bounds,
the better the corresponding version of the algorithm.

c) For V'6 and V'7, each p-values related to Wilcoxon test
indicates that LB-BM with k=7 realizes the second better
behavior for the algorithm.

Table II reports, by varying k, the statical study on all
instances by using both the sign test and the sign rank test.
Columns from 1 to 8 reports the statistical results of LBBM when varying the parameter k: line 1 (resp. line 4)
tallies the p-value corresponding to the sign test (resp.
rank sign test), line 2 reports the number of times that the
first algorithm dominates the second one (resp. line 4
reports the number of times that the first algorithm is
dominated by the second one) where as line 3 shows the
number of times that both versions match the same
average value. In this case, V0=Ak=2 vs Ak=3, V1=Ak=3 vs
Ak=4, V2=Ak=4 vs Ak=5, V3=Ak=5 vs Ak=6, V4 = Ak=6 vs
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versions, the RINS heuristic was fixed to 100); thus, the
best objective value achieved by these versions are
retuned as the best solution value of Cplex.
Table III reports the results achieved by the four methods
tested: Cplex solver, Mred, Lag and LB-BM on all
instances of set 1. The first two columns of the table show
the instance's information (each line corresponds to a
group containing 10 instances). Columns from 3 to 5
report the Cplex solver's integer bound (noted z), runtime
limit consumed and the number of optimal solution values
matched by the Cplex. Columns 6 and 7 display the
average Gap achieved by Lag and its runtime limit
(extracted from Amiri [3]). Columns from 8 to 10 tally
the average Mred's Gap, its average runtime limit and the
number of optimal solution values matched by Mred.
Finally, column from 11 to 13 (resp. from 14 to 16) show
the LB-BM's average Gap with k = 7 (resp. k = 8), its
related average runtime and the number of the optimal
solution values matched by the algorithm. We note that
𝑧𝑜𝑝𝑡 −𝑧𝑝𝑟𝑜𝑐𝑒𝑑𝑢𝑟𝑒
the Gap is computed as follows:𝐺𝑎𝑝 =
×
𝑧𝑜𝑝𝑡

Fig. 2 Illustration of the Wilcoxon p-values related to k=7 and
k=8 for LB-BM.

100.

Figure 2 displays the p-values related to Wilcox on
signed-rank test for both k=7 and k=8 used by both
versions of the local branching. On the one hand, Figure 2
(a) shows the slight superiority for k = 7 while the overall
average achieved for k = 8 is better (see Table I, line
Average, column of k = 8). On the other hand, Figures 2
(b) and 2 (c) show the interest of preferring both values of
k previously acted.

In what follows, we comment on the results reported in
Table III, where we compare the number of results
obtained by the proposed method LB-BM (the solution
values) with the best solution values provided by the other
methods.
a) On the one hand, LB-BM with k = 7 (resp. k = 8)
achieves an average Gap of 0.00714 (resp. 0.00684) while
Lag's average Gap is equal to 0.28780 and that of Mred is
more greater (0.62186).
b) On the other hand, the Cplex solver matches 79 optimal
solutions over the 200 instances of Set 1 (representing a
percentage of 39.5%), Mred provides 127 optimal
solutions (representing a percentage of 63.5%) while
ELB-BM matches 161 optimal solutions for k = 7
(representing a percentage of 80.5%) and 154 optimal
solutions for k = 8 (representing a percentage of 77%).
c) Finally, even LB-BM's average runtime remains higher
when compared to those consumed by Lag and Mred, it
remains very reasonable for a heuristic method using a
local branching strategy

Therefore, as we are interested with the version able of
achieving better bounds and highest best solution values,
we then maintain both versions with k=7 and k=8for the
rest of the computational results.
B. Behavior of LB-BM on Instances of Set 1
Herein, LB-BM's behavior is analyzed on the first set of
instances containing small and medium instances. Its
achieved results are compared to those reported in Amiri
[4] (one of the latest published methods in the literature:
the Lagrangean relaxation-based heuristic (noted Lag),
the Two-Phase Reduced Mathheuristic (noted Mred)
proposed in Chebil et al. [8] and the state-of-the-art Cplex
solver (noted Cplex), which is tested using two tunings,
where each version was fixed to one hour: (i) automatic
search method and, (ii) dynamic search; for each of these
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TABLE III. Performance of LB-BM Versus Mred and Lag

(resp. 6 to 8) tally LB-BM 's average Gap, with k = 7
(resp. k = 8), its related average runtime and the number
of the optimal solutions matched by the method. Finally,
Columns from 9 to 11 (resp. 12 to 14) display the average
ELB-BM's Gap with k = 7 (resp. k = 8), its average
runtime limit and the number of optimal solutions
matched.

C. Behavior of LB-BM versus ELB-BM on instances of
Set 1
This part evaluates the effect of the starting solution for
initializing the first tree on the instances of Set 1. Table
IV reports the results achieved by both LB-BM and ELBBM on all tested instances of Set 1.Columns 1 and 2 of
Table IV show the instance information, Columns 3 to 5
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Table IV. Behavior of LB-BM versus ELB-BM on the benchmark instances of the literature: variation of the parameter k

We comment now on the results of Table IV:

reports the solution values achieved by Cplex solver (its
runtime limit was fixed to one hour), LB-BM and ELBBM on the instances of Set 2. From the table, one can
observe what follows:

a) LB-BM remains competitive when comparing its
provided results to those achieved by ELB-BM.
b) On the one hand, for k = 7, LB-BM’s average Gap is
equal to 0.0071 (column 3 of the table) and it is equal to
0.00684 for k = 8 (column 6).
c) On the other hand, the new version ELB-BM’s average
Gap is equal to 0.0478 (column 9) for k=7 and it is equal
to 0.0216 for k = 8 (column 12). We note that note despite
the slight inferiority on the global average value for Set 1,
it is able to match 166 optimal solutions (for both k=7 and
k=8) representing a percentage of 83% of optimal
solutions.

1. First, ELBBM is very competitive, especially when
comparing its achieved results to those provided by both
LB-BM’s and Cplex solver.

In this section, the behavior of the tested methods and the
proposed one are evaluated on thirty large-scale instances
taken from Boukhari et al. [5]: the number of classes (m)
varies in the discrete interval {50; 150; 300}, the total
number of items of each class (ni, i Î I) varies in the
discrete interval {10000; 100000} and, there are five
instances for each of the six groups.

2. Second, ELB-BM is able to provide better average
bounds for both values k = 7 and k=8 (column 11 and
column 14 in bold-space) than those provided by both
LB-BM and Cplex. In this case, ELB-BM's global
average bound is equal to 1472876 for k = 7 (resp.
4728760.23 for k = 8) whereas LB-BM’s average global
bound is equal to 1472611.17 for k = 7 (resp. 1472487.97
for k = 8) and Cplex's global average bound is equal to
1472310.57.
3. Third and last, when comparing the average bounds of
both version of the local branching, ELB-BM’s average
Gap is equal to -0.038 for both k=7 and k=8 (column 13
and 16, last line) while LB-BM's average Gap is equal to 0.020 for k=7 (column 7, last line) and it is equal to 0.012 for k = 8 (column 10, last line).

Herein, LB-BM and ELB-BM’s behavior are analyzed on
these instances, where its achieved results are also
compared to those achieved by the Cplex solver. Table V

Finally, we can conclude that strategy based upon
injecting a series of cardinality constraints are able to
provide a better method for the KPS.

D. LB-BM versus ELB-BM on Instances of Set 2
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TABLE V. Performance of Cplex solver, LB-BM and ELB-BM on large-scale instances

V. CONCLUSION

search process. Finally, the performance of the proposed
method was analyzed on benchmark instances of the
literature, containing instances varying from small to
large-scale ones. According to the experimentations, the
proposed method remains very competitive, where it
outperforms methods available in the literature and is able
to provide improved solutions for large-scale instances.

In this paper the knapsack problem with setup is tackled,
where new valid cardinality constraints are proposed for
extending the local branching strategy-based method. The
resulting method combined three features: a series of
mixed linear relaxations solved using black-box solver, a
series of valid cardinality constraints inducing tightness
upper bounds and, the local branching for intensifying the
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